
3. Physical Symmetries

3. 1 . States and properties in Quantum D-sics

Quantum Physics
un jedense subspace comitable (ex: (2)

properties in 0
. 0. are described by closed sub-rector spaces at a (countable

,"complex) Hilbert

↳ see physic as an experiment
Space H

.

E
2x :.....

"

each S: is a slot , electron can pals by each and we /1 if electron pass im a slotS
S

=> projection of one of the posible outcome.

Equivalently ,
a property is described by connesponding Conthogonall projection P

.
V.

a projection is defined by : pr = Pu

onthogonal projection : the projection is enthogonal to the image V : pr = pu
↳ self-adjoint

ex : p = ! and pl = !
↑ is notI projection , p' is + projection , p' is self-adjoint

A pure state is described by one-dimensionnal subspace of Hilbert Space H
. These are the rays of

H
,

denoted by [v]
, VEH1o]

s maximum knowledge ofau state

The Hilbert space comes The set of all these rays will be demoted by P(1)
,
the projectivisation of

with a marm and scalar

product = Topology These is a canonical projection M : H
*
-> P(H)

v - [vI

We choose P(7-1) with the quotiemb topology , In : = [UCP(H)/M-SeeYZIM's

exercice : show thatIn is a topology on P1H) and its the largest topology em IP(1-1) s .

t. M is

continuous .



Mmdel IH ,
i is an open map

transition probability
↑

for givem two states [vJ
,
[W] <P(H)

, prob. is given by it (P-Pw)

im Dinac notationandTIlvIIIIe112

For [xJ , [yJEM(H) ,
we shall white [x]1[y] ifx + y ,

its equivalent to PxPy = 0.

If B < P(H)
,

we shall write B:= ([y]eIP(H) /FEJEB
, [x] 1 [y] ?

As am exercice
,
i = 1 &" (B) and B = (B

+ )
+

Let e EH be a mique vector
.

Consider V := et = CH
.

Hence Me : = P(H)(IP(v) is open for It

Im fact , le = ([yJe(n)/[gJE iPIel's
·
[e]

Ve is therefore as oper neighborhood of [e] im P(M) [y]

for same [jJele consider X([y]) =
3 - (y.ele =e-< y , e)

↳allow to give coordinates

Xe : ele--e
+

with Kelv) = [e +v]

unbijective + continuous inverse + continuous
↳ this map is a homeomorphism between Me and et

↳ check as an exercice

So (H) is a Hilbert-manifold until attas ((Me ,
xe) le Sin)?

3. 2
. Symmetries im ad

closed subspace onM because ( +)
+

=

-

Def : A morphism [ is a map [ : P(H) --IP(H) continuous withTi
-

~o conserved transition probabilities
Asymmetry S is an isonmen Phis S : P(H) - 1P(H) so that

, if [x]
. [y] -< IP(H)S↳ reversible continuous map

implies that to (PxPy) = tr (Px · Py)



Lemma : Let I : (H)-1 P(M) be a symmetry ,
let BC P(H)

,
ther [ (B+ ) = [ (B)

+

Is
proof : im exercise Il

Corollar : For an isomorphism [ : P(H) -- (H)

Let BC P(H)
,
[(B)=TB)

Recall : we shall white <(H) for the set of banded linear operators define on H.

mitary operator satisfy M*M==lll+
(preserved the norm= banded)

isometric operators satisfyI
*
M = 1n

Wigmer's theorem : Let e
, eleH be two onthononmal vectors. Let s be a physical

symmetrySothatStea unique witary operator ((((n)

suchHat : Me , = er

M . M = S . M


